Abstract
Stokes equations is chosen as the initial approximation of Newton's method. It is obtained that the Newton's sequence converges quadratically to the unique solution of Navier-Stokes equations for sufficiently small mesh size h and a moderate Reynolds number Re which is in good agreement with the results discussed by Kim et al. in [9] , Ghia et al. [7] and many authors. In [9], Kim et al. discussed theoretically the Newton's method for the Navier-Stokes equations with finite element initial guess of Stokes equations. We briefly discuss the mathematical and numerical analysis, and analyze the approach problem in the context of finite element method ( [10] , [5] , [11] ). All the numerical simulations are implemented with our own script developed in FreeFem++ using the equivalent iterative variational formulation of Navier-Stokes problem. The solutions are obtained computationally and graphically in terms of velocity, pressure and streamline contours. A two-dimensional benchmark problem is computed and posteriori estimates for the rate of convergence is established. Finally, we draw some conclusions. 
The Constitutive Equations and Problem
is the symmetric part of the velocity gradient. So, the Cauchy stress tensor can be written in the form
The Navier-Stokes equations for incompressible fluid is a system of non-linear equations formed by the law of conservation of mass and the momentum equations. Considering T , as in (1), the Navier-Stokes equations which model the incompressible Newtonian flow can be formed as
Considering  as a constant, we define the kinematic viscosity by 
and the scaled pressure  p p  (m 2 /s 2 ) still denoted by p and we obtain the NavierStokes equations for steady flow as
The above equations are non-dimensionalized as follows:
where L is the characteristic length, U is the characteristic velocity, T is the characteristic time and Re is the Reynold's number which is the ratio of inertial to viscous forces.
The non-dimensional governing equations is of the form
The mathematical analysis of Navier-Stokes equations can be found in ( [11] , [12] ).
Nomenclature:
Before discussing the boundary conditions and variational formulation, we introduce some notations of different function spaces in the following table, details of which can be found in ( [4] , [1] ).
The vector space of all continuous functions on ) 
Boundary Conditions:
To close mathematical formulation and obtain a well-posed problem, the equations (3) need to be supplemented by some boundary conditions. For simplicity, we consider the case in which the system of differential equations (3) where n is the outward unit normal to   . We take the homogeneous Dirichlet boundary conditions (no-slip boundary conditions) which describes a fluid confined into a domain with fixed boundary (the boundary is at rest). With the homogeneous Dirichlet boundary conditions defined over  , we can write the steady Navier-Stokes problem as follows:
If the velocity of the flow is small enough, then the non-linear convective term u u ) (   is negligible. So, for slow viscous flows, we obtain the following Stokes problem: 
Problems (4) and (6) are equivalent.
We reformulate the variational formulation of the previous problem in a general abstract formulation that is suitable for many elliptic problems. We introduce the continuous and coercive ) ( elliptic  V bilinear form:
and continuous bilinear form
And we also introduce continuous trilinear form
Taking into account the above forms, we can reformulate the variational formulation of the Navier-stokes problem as abstract formulation which can be written as follows:
Existance and uniqueness of the solution: It can be proved [12] that the problem (7) is well-posed and equivalent to (4) . The existence and uniqueness of theorem for the solutions of Navier-Stokes system can be found in (Galdi (1994) [6] , Girault and Raviart (1986) [11] , Temam (1984) [12] ).
Numerical Analysis for the Navier-Stokes Problem: We use finite element method (FEM) to approximate the numerical solutions of Navier-stokes problem (7) .
Dividing the domain of solution into a finite numberof subdomains, the finite elements, the approach variational problem is defined over a finite-dimensional 
Let h  be a non-degenerated triangulations of  , with 0  h the discretization parameter and let h V and h Q be two finite-dimensional spaces for the velocity and the pressure, respectively, such that ) (
We define pair o discrete space ) (
In these spaces, the discrete problem can be written as:
The existence and uniqueness of the problem (8) is generated by the fact that the discrete space 0 h V and h M verify a compatibility condition known as 'consistency condition', 'inf-sup condition' or LBB-condition [11] . The next theorem deals with the error estimate for the Navier-Stokes approximation of (8) using the HoodTaylor finite element method. Proof can be found in [11] .
Theorem 1:
Let the solution ) , ( p u of the Navier-Stokes system (4) satisfy 
To make the problem (8) numerically stable, we add the additional term
to the equation 1 ) 8 ( to make it consistent, since for the incompressibility condition the above additional term reduces to zero. In that case the modification is consistent and the modified approximate problem can be written as follows:
Algebraic System and Algorithm: We choose the Hood-Taylor finite elements to discretize the Navier-Stokes problem. Let 
we obtain the following system:
The above system of equations can be written as a non-symmetric matricial equation: 
where
To solve the nonlinear system (10) we use the Newton-Raphson algorithm. For this Navier-Stokes system, in fact, we want to solve the nonlinear vector field
, where 
Considering the initial data 0 0 , p u are known, we obtain
So, we can define the algorithm
Numerical Results: We developed our own script in FreeFem++ to implement the Newton's method applied to the non-dimensional Navier-Stokes problem
To validate the solution, we fix the velocity and pressure
and we evaluate external force ) , ( 
The results obtained for u and p over different meshes are presented in the table 2.
The good convergence of results of all kinematics can be confirmed by the slope value. We used the least square approximation to find the slope of the log-log plot of the error of the fluid velocity and pressure from which the good convergence of results for all kinematics can be confirmed.
The error of the fluid velocity and the pressure and the slope of the log-log plot of the errors: Table 2 : Error of the velocity field and pressure.
The log-log plot of the errors of the velocity and the pressure: Like our expectation, the rate of convergence (the slope) is positive (quadratic for the velocity) for both of the errors, and since the errors approaches zero as h tends to zero, so, our approximation converges to the exact solution with respect to the corresponding norms.
The exact and numerical solutions are illustrated graphically in the next figure. We can conclude the posteriori-estimates as i) The rate of convergence is quadratic for the velocity.
ii) The rate of convergence is cubic for the pressure.
ii) The errors approaches zero as h tends to zero (confirmed the theorem 1).
So, from all the above numerical and graphical results, we observe that the approximate solution (Newton's sequence) converges to the exact solution with respect to the corresponding norms.
Conclusion:
In this paper, we have simulated incompressible Newtonian flow which is governed by the Navier-Stokes equations in two dimensional case. We obtained the approximate solution of steady Navier-Stokes equations using finite element method with Newton's algorithm implemented in FreeFem++. We observed that, if we choose the finite element solutions of Stokes equations as initial guess, then the Newton's method converges to the exact solutions of Navier-Stokes problem.
The numerical results are obtained by considering the benchmark problem over four different meshes. We have represented the solutions computationally and graphically , and also have established the posteriori-estimates. From the posteriori-estimates, we found that the approach solution converges to the exact solution and we have a very good rate of convergence. From the simulations results, it has also been established that FreeFem++ is capable to provide the better approximation for the incompressible Newtonian flow.
